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Overhea t  ins tabi l i ty  (OI) in a nonequi l ibr ium homogeneous p l a s m a  is r e la ted  to the ionizat ion ins tabi l i ty  
of the e l ec t ron  gas;  the e n e r g y  l o s s e s  due to col l i s ion with heavy  pa r t i c l e s  cannot balance the f luctuations in 
the Joule heat  genera t ion .  The c r i t e r ion  fo r  the development  of OI in a noneqni l ibr ium p l a s m a  is  the condition 
d In Ve/d In T e > 1/2; v e is the t ime  of the loss  of momen tum when an e l ec t ron  col l ides  with heav ie r  p a r -  
t i c les  [1, 2]. Overhea t  ins tabi l i ty  a lso  develops  when the ene rgy  l o s s e s  f rom the e l ec t ron  gas  a re  d e t e r -  
mined  by radia t ion  [3-6], heat  exchange with the walls  [4, 7], o r  ine las t ic  l o s ses  [2]. 

When OI develops  nonl inear ly ,  it leads  to the fo rmat ion  of s t r u c t u r e s  with inhomogeneous d is t r ibut ions  
of cu r r en t  and e l ec t ron  t e m p e r a t u r e ,  which const i tute  l a y e r s  in the plane case  o r  columns in the cyl indr ica l  
case  with i nc rea sed  densi ty  of cu r r en t  and e l ec t ron  t e m p e r a t u r e .  The theory  of such s t r u c t u r e s  in s emico n -  
ductors  - na r row and wide domains  - has  been  cons t ruc ted  in [8, 10]. Analogous s t r u c t u r e s  (contracted s ta te  
of the d ischarge)  in a g a s - d i s c h a r g e  p l a s m a  have been inves t iga ted  in [4, 7, 11-13]. In the cont rac ted  s tate  
the d i scharge  occupies  a l imi ted  region,  and we obse rve  a r e g i m e  with a no rma l  cu r r en t  density;  the cu r r en t  
dens i ty  is independent of the total  cu r ren t .  The e x p e r i m e n t s  in [14] conf i rm the theore t i ca l  conclusions.  
The development  of OI in equi l ibr ium p l a s m a  [15, 16] m a y  also lead to the appearance  of nonsta t ionary  
s t r u c t u r e s  [17]. 

In o r d e r  to explain a number  of expe r imen ta l  fac ts ,  we much  c l a r i fy  the question of the s tabi l i ty  of an 
inhomogeneous cu r r en t  d is t r ibut ion,  and in the case  ~ ins tabi l i ty  we m u s t  a lso  c la r i fy  the question of the 
c h a r a c t e r i s t i c  t ime  of i ts  development  "- the t ime  during which the inhomogeneous s ta te  ex i s t s .  The Stability 
of an inhomogeneous cu r r en t  d is t r ibut ion has  been inves t iga ted  in [8-10, 18, 19], in which it was shown that 
a plane na r row  domain fo r  which the width of the column is  of the s ame  o r d e r  as  the th ickness  of the column 
wall will be unstable ,  and a wide plane domain with a column width much  g r e a t e r  than the wall  th ickness  will 
be s table  fo r  a suff icient ly high r e s i s t a n c e  of the ex te rna l  c i rcu i t  (a g iven  cu r r en t  r eg ime) .  Ins tabi l i ty  of the 
plane na r row  domain leads  to i ts  subdivision into cyl indr ica l  na r row domains  which a re  s table  [8]. 

The inves t iga t ions  of [8] a r e  r e s t r i c t e d  to pe r tu rba t ions  which a re  homogeneous in the d i rec t ion  of the 
p r inc ipa l  cu r r en t  [k.i0 = 0, (k is  the wave v e c t o r  of the per tu rba t ion ,  J0 is  the vec to r  of the unper turbed  
cu r r en t  with boundary  conditions or'e/oq ~ = 0, T~ is  the normal  to the boundary  of the specimen)  ]. 

In the p r e s e n t  study we cons ide r  the cons t ruc t ion  of inhomogeneous dis t r ibut ions  of cu r r en t  and t e m -  
p e r a t u r e ,  when the ene rgy  l o s s e s  f rom the e l ec t ron  gas  a re  de te rmined  by e las t ic  col l is ions  with heavy  p a r -  
t i c l es ,  and we invest igate  the s tabi l i ty  of these  cu r r en t  d is t r ibut ions  with r e s p e c t  to t h r ee -d imens iona l  p e r -  
tu rba t ions .  Unlike [4, 8], we cons ide r  a b r o a d e r  c l a s s  of boundary conditions fo r  the e lec t ron  t e m p e r a t u r e  
L(S, VS, E) = 0 (in [4, 8] the condition aT~/O~ --  0 at  the wall  was invest igated) .  In o r d e r  to c o n s t ~ c t  solutions 
and inves t iga te  the s tabi l i ty ,  we use  the method of s ingular  expansions  [20]. 

1. We a s s u m e  that  the e l ec t ron  concent ra t ion  n and the e lec t ron  t e m p e r a t u r e  T a r e  connected by 
Saha 's  equation. We cons ide r  a s t rongly  nonequi l ibr ium p l a s m a  (T >> T.),  in which there  is  an admixture  of 
a r ead i ly  ionizable component .  In this  case  the s y s t e m  of equations of the med ium [21] in d imens ion less  fo rm 
reduces  to the following: 

COS~Or + A U v O v S  = A~v~S + o(V~P) ~ - -  F_, (1.1) 
V2d) + (d In ( ~ / d S ) v C ! ) V S  ~ 0,~ 

w h e r e  U : T - I ( a T  - -  3/2); C : (vT) -1 [3/2-s + ar(T -1 + 3/2.e)]; aT : 0 inn/O In T ; F _  ~- nTT,-% ~, q a re  the 
d imens ion less  e l ec t ron ic  t h e r m a l  conduct ivi ty and e l e c t r i c a l  conductivity,  r e spec t i ve ly  (~ ---~ aT) ; v,  d imen-  
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s ion less  t ime of loss  of momen tum;  S, hea t -conduct ion  potent ial  (~/S = ~dT); (b,  genera l i zed  e l ec t r i c  field 
potent ial ,  r e la ted  to the e l e c t r i c  f ield E by the f o r m u l a  

V O = E  + A ( l  -~ar)v T. 

As the l inea r  sca le  in the s y s t em  (1.1), we have taken  the c h a r a c t e r i s t i c  d imension  of the region,  b, and as 
the t ime  sca le  we have taken In*~*/ (o*E*)  2 If  the t h e r m a l  conductivity of the e l ec t rons  sa t i s f i es  the Wied- 
e m a n n - F r a n z  law, then 

A = ko*I*/(e]*b),  ~ = k T * / I ,  

where  I is  the ionization potent ia l  and the r e s t  of the notation is  the s ame  as in [20]. 

We shall  t r y  to find the solution of the s y s t e m  (1.1) in the region B = { - - i  ~ x < i ,  --ly ~ y ~ Iv } 
in the plane (x, y), p a r t  of whose boundary  /t-~ = {y = +lv } cons i s t s  of ideal ly  conductive e l ec t rodes ,  while 
another  p a r t  B2 = {x = :i:i } cons i s t s  of insu la to rs  with the boundary  conditions (~0 is a vec to r  no rma l  to 
the insu la tor ,  ~0 is  a v e c t o r  lying in the plane of the e lect rode) :  

00/0Z ~ = A(t + ar)Or/~z  ~ on Rl, O010q ~ = 0 on Rz, (1.2) 

8 = 8 b ( B  ), R = B ,  UR2. 

In all  of our  subsequent  d i scuss ion ,  we shal l  not speci fy  the fo rm of the boundary  condition for  the 
heat -conduct ion  potent ia l .  In cons t ruc t ing  a Sta t ionary solution in the case  A << i (which is  t rue  for  m o s t  
p rob l ems ) ,  we can  use  the method p roposed  in [20]. The solution of the p rob l em is  r e p r e s e n t e d  in the fo rm 
of two expansions  in the sma l l  p a r a m e t e r  A: the e x t e r i o r  expansion 

and  the i n t e r i o r  expans ion  

T = ~ Akrh(x, y), ( I)= ~ A~q)h(x, y) 
h=0 h=0 

(1.3) 

o c  

r = E y*), E = Z (x*, y*) ,  
h=0 k~0  

where  x * - - x / A ,  g = y *  o r  x * - - x ,  g = y / A .  

In cons t ruc t ing  plane s t a t i ona ry  solut ions of the equations of the i n t e r io r  exparlsion in a c losed region,  
we can have solut ions of two types:  solut ions of the b o u n d a r y - l a y e r  type at the boundary  ~ and solutions of 
the s tanding- ioniza t ion-wave type,  s i tuated inside the reg ion  R. F o r  the exis tence  of the l a t t e r ,  i t  is  nec-  
e s s a r y  that  the function 

F(S) = ~ (S )E~- -F- (S )  

have  th ree  ze ro s .  Th is  condition i s  sa t i s f i ed  if  

a T ~ d l n ~ / d l n T ~ i / 2 .  

The f i r s t  ze ro  is  connected with the ionizat ion of the admix ture ,  the second with the effect  of the Coulomb 
col l i s ions ,  and the th i rd  with the ionizat ion of the m a i n  gas .  The cons t ruc t ion  of the zero th  approximat ion  of 
the i n t e r i o r  expansion is  d i scussed  in [20], and t h e r e f o r e  we shall  not deal  with the quest ion he re .  

The equations of the e x t e r i o r  expans ion  can be obtained by subst i tut ing (1.3) into (1.1) and col lect ing 
t e r m s  of the s a m e  degree  in A. In the ze ro th  approx imat ion  the sy s t em (1.1) in the s ta t ionary  case  r educes  
to a quas i l i nea r  equation in the function ~0. We use  only e l ec t rodynamic  boundary  condit ions.  The p a r t i c -  
u l a r  solution of this s y s t e m  i s  a homogeneous  solution (Ex 0 = const ,  Ey  0 = const) ,  which is  used  fo r  c o n s t r u c -  
t ing the solution. In th is  case  the hea t -conduct ion  potent ia l  is  a l so  homogeneous  and is  found f rom the solu-  
t ion F(S 0) = 0. The s t a t iona ry  solution is  cons t ruc ted  by  joining the e x t e r i o r  and i n t e r io r  expansions .  Since 
the reg ion  of va r i a t ion  of the  hea t -conduct ion  potent ia l  in the ionization wave and in the boundary  l a y e r  ~ A, 
as A --~ 0, the boundary  l a y e r  and the ionizat ion wave m a y  be r e g a r d e d  as discont inui t ies ,  and t he re fo re  
solutions with ionizat ion waves  will  be cal led discont inuous.  
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Depending on the p a r a m e t e r s  of the ex te rna l  c i rcu i t ,  two types  of s t a t ionary  solutions - continuous and 
d i s c o n t i n u o u s -  m a y  a r i s e .  The f o r m e r  a re  homogeneous  solutions (S o = const ,  Ey 0 = const ,  Ex0 = 0) in a l -  
m o s t  the en t i re  reg ion  B (the e x t e r i o r  domain  of solution), except  fo r  na r row regions  of th ickness  ~ A at 
the boundary  (the b o u n d a r y - l a y e r  region) ,  where  the potent ial  S o changes  sharp ly  f rom the value in the ex-  
t e r i o r  region to the boundary value S o (an example  of such a potent ia l  d is t r ibut ion i s  given in Fig.  l a ) .  The 
v o l t - a m p e r e  c h a r a c t e r i s t i c  CVAC) of such a solution is  shown by the dashed cu rves  in Fig.  2; h e r e  

1 

</oz,> = t " / o v d x  ; 
- 1  

the VAC is  not s ing le-va lued  over  the field Ey0, s ince S0(Ey 0) is  not a s ing le -va lue  function (in the segment  
ef  (Fig. 2) d In r/d In T >  t /2) .  

The discontinuous solut ions cons i s t  of one o r  m o r e  s t a t ionary  l aye r ed  waves .  A l aye r ed  wave is  a 
combinat ion of two ionization waves  (wide domains  in the t e rmino logy  of [8]) o r  s t a t iona ry  soli t ions (narrow 
domains)  in the e x t e r i o r  region.  The plane of the waves  is  pa ra l l e l  to the insu la to r s .  A l aye r ed  wave con-  
s i s t s  of th ree  homogeneous  solutions (S01, S03 , S01 , Fig.  lb) ,  connected to each  o ther  by two na r row (~ A) 
zones  of sha rp  va r i a t ion  of the po ten t i a l  f r o m  S01 to S03 and f rom S03 to S01 (ionization waves) .  On the 
VAC the segment  bc co r r e sponds  to the l aye r ed  wave and the segment  eb to the sol i t ions.  Since the con-  
t inuous s t ruc tu re  of the ionizat ion wave ex i s t s  only fo r  a comple te ly  de te rmined  field E c, the VAC of the 
l a y e r e d  wave is  a s t ra igh t  line pa ra l l e l  to the <J0,J> axis .  The value of the field E c can be de te rmined  f rom 
the condition [4] 

sos(E~) 
.t" F (S, Eo) dS= O. 

Sol(E~) 

The s t ruc tu re  of the s t a t ionary  solut ions depends substant ia l ly  on the type of boundary  conditions fo r  
S on the insu la tor .  

As was shown in [20], to the d is t r ibut ion of the potent ia l  S in the boundary  l a y e r  the re  co r r e sponds  in 
the phase  plane (dS/dx*,  S) a phase  t r a j e c t o r y  s t a r t ing  f rom the s ingular  point (0, S 0) and extending to S = 
S b. We cons ide r  the m o s t  r ea l  case  S b < S 0. Since the s ingular  point (0, So), fo r  va lues  of S o sa t is fying 
the inequal i ty  

a~o > 1/2 

i s  a cen te r ,  in th is  case  the re  is  no s t a t i ona ry  s t ruc tu re  of the boundary  l aye r  on the insu la to r s .  The re fo re ,  
the s egmen t  ef  on the VAC (see Fig.  2) is  not r ea l i zed .  F o r  va lues  of S o cor responding  to the segment  fc,  
the phase  t r a j e c t o r y  s ta r t ing  f rom (0, S 0) cannot r each  the value S = Sb, and t he re fo re  th is  segment  of the 
u  is  not r ea l i zed  e i ther .  Taking account  of the slow va r i a t ion  of the p a r a m e t e r s  of heavy  pa r t i c l e s  can 
lead to an evolution of the resu l t ing  s t a t iona ry  s t r u c t u r e s  fo r  e l ec t ron  and e leo t rodynamic  quanti t ies .  

2. We cons ide r  the s tabi l i ty  of one -d imens iona l  d is t r ibut ions  of the cu r r en t  (e lec t r ic  field) and t e m -  
p e r a t u r e  (this co r r e sponds  to the case  ly - -  ~). Suppose that  the channel is  unbounded in the d i rec t ion  of the 
y and z axes  but i s  bounded in the d i r e c t i o n o f  the x axis (x = �9 1) by  insu la to r s ,  and the unper turbed  field ex-  
tends in the d i rec t ion  of the y axis .  I f  the c u r r e n t  and t e m p e r a t u r e  d is t r ibut ions  a re  uni form in the e x t e r i o r  
region,  then, us ing the method p roposed  in [22] and r e p r e s e n t i n g  the va r i a t ion  of the pe r tu rba t ions  as func-  

so j . ~  . I \ 

Sb~ " Sb Sb ~ .' / ? i __ 

"~ a -: b E- Eo E§ EO~t 

Fig. I Fig. 2 
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t i ons  of  t ime  and the coord inate s  x and z in the form ~ exp ( ikyy + i k z z  - wt),  we can obtain from the d i s -  
p e r s i o n  equation (as the field scale  we took the unper turbed  field, and as the cha rac te r i s t i c  length we took 
the half -width  of the channel) the following re la t ion:  

k2 A,k.2)]}, 
Beo)----Colt+(~.~) ] ,  t 2k 2 { l - -2a ,o+2A 'k2  ' [2k'~2[2(a,ro+a,~ ~ ( l - - 2 a ,  o +  

(2.1) 
Im o) = Aku (aTo ~ 3/2), k = V ~  + k~, m = i, 2 . . . .  

H e r e  

�9 In obtaining (2.1), we d i s rega rded  the boundary l aye r ,  and the boundary Conditions were  given on the boundary 
of  the boundary  l aye r ,  s ince fo r  A << 1 the d i spe r s ion  re la t ion  depends weakly on the type of boundary condi-  
t ions  f o r  the pe r tu rba t ions  on the insu la to r  [22]. 

If  OSo/aX -~ 0 fo r  x = �9 1, then the homogeneous  s t a t e s  with a~o > t/2 a r e  unstable ,  and the p e r t u r b a -  
t ions with k = 0 develop m o s t  rap id ly .  I f  OSo/OX q= 0 fo r  x = �9 1, then the homogeneous  s t a t e s  a r e  s table ,  
s ince the s t a t e s  with a~0> I/2 a re  not r ea l i zed .  

F o r  nonuniform c u r r e n t  and t e m p e r a t u r e  d is t r ibut ions  in the e x t e r i o r  region (for discontinuous so lu-  
t ions) we wr i te  (for s impl ic i ty ,  C O = const): 

C0, at0, a~0 are  the v a l u e s  of  the funct ions  def ined in  Eq. (1.1), taken  for  unperturbed p a r a m e t e r s .  

(2.2) 

S =  So(~) +O(~)exp(ik~y + ikzz--~ot ), 

0 =  Evoy + A~F (~)exp(ik~y + ikzz-- ~ot ), 

w h e r e  ~. = x/A; the subsc r ip t  r e f e r s  to the unper tu rbed  solution; ( 0 and A~F - a re  quanti t ies  of the s ame  o r -  
der}.  Substi tuting (2.2) into (1,1) and d i s r ega rd ing  the nonl inear  t e r m s ,  we reduce  the invest igat ion of the 
s tab i l i ty  of the inhomogeneous s ta te  to  the following e tgenvaiue problem:  

din % 
H1~F = ~ iAkvEvo ~ O, 

(2.3) 
(H o + o)) 0 = H2W + A2k~0 -[- iAkuEvoUoO, 

1 d d d "~ 
w h e r e  H, = ~ ~ % (~) ~ - -  ~k~; He = ~ --  r (~); 

dSo d 
H., = U o ~ ~ -- 2iAkva o (~) Eye; 

V (~) = d 
- (Ooe o - F - o ) ;  . 

k --I/krjS + k~ , with boundary conditions: 

dT dO = +__ A-I~ ~ -~ O, a 1-~ + ikua3AUJ + a~O O. 

H e r o  ~ constants  al, a~, aa are  connected with the ope ra to r  L by the re la t ions  

= L jOL =[8(_.~]vS, s. a~ LO-T~'vr " 

(2.4) 

We cons ide r  the p r o b l e m  of the s tabi l i ty  of a nonuniform c u r r e n t  d is t r ibut ion in the case  kv N k~ -~ I , 
aa ~ 0, A<< l .  I f  we introduce Green l s  function of the equation 

0G I 
H,G(L ~ ) =  ~(L~) ,  ~J~=+A * = 0  

(here 8(~ --  ~) is  the Di rae  de l ta  function),  s y s t e m  (2.3) can be reduced  to  a single in tegrodi f ferent ia l  equa-  

t ion fo r  the function O: 

536" 



A-: din % 

_A-1 
co 

~= • A -~, a ~ + a ~ O = O .  

(2.5) 

Since the sys tem H:T = 0, dWd~(+A -~) =0 has only a t r iv ia l  solution, Green ' s  function always exis ts  and is  
unique [23]. Green ' s  function sa t i s f ies  the following conditions: 

G(~, ~, k) < 0, --A -~ ~ ~, n < A-:, 

a o (~ ~GI~ o (1) 

and, to within t e r m s  which a r e  ~ A ,  has the fo rm 

t ch(kA~l--k) ch(kA~@k) ~ ~1] .  
G (~, ~, k) = Ak sh (2k) (2.6) 

F o r  ~ ~ ~l Green ' s  function is obtained f rom (2.6) by interchanging ~ and ~ .  

The or iginal  sys tem (2.3) has a s ingular i ty  with r e sp ec t  to the p a r a m e t e r  A (the s ingular i ty  a r i s e s  f rom 
the p resence  of the A -1 t e r m  in the boundary conditions (2.4)). It is possible to avoid this s ingular i ty  in Eq. 
(2.5) by r ep resen t ing  

O = ~ A~O ('~) (~.~A), ~o = A~o(m) (A), 
-~=o .m=o (2.7) 

w h e r e  @(m) and ~(m) a re  of fo rmal  o rde r  unity with r e sp ec t  to A. The expansion (2.7) is  not asymptot ic  
in the usual sense  (since the hmctions | depend on the p a r a m e t e r  A) and have the fo rm of a composi te  
expansion in the p a r a m e t e r  A [24]. 

F o r  the zero th  t e r m s  in expansion (2.7) we obtain the equation 

(Ho + ~o(~ (~ = 0 ( 2 . 8 )  

with the boundary conditions 

dO (o) = • A-:, a ~  + a20(o) = 0 

Equation (2.8) is analogous to the Schr~dinger  equation for  a par t ic le  with potential  V(}). The function 
V(}) cons is t s  of one potential  well for  the ionization (recombination) wave and two potential  wells  at a distance 
~ A -1 f rom each o ther  for  the l ayered  wave (Fig. 3a, solid curve) ,  and at a distance ~ 1 for  a soliton (Fig. 3b, 
solid curve) .  The function V(}) was const ructed  without taking account of the boundary l ayer ,  whose effect  on 
s tabi l i ty  will be d i scussed  below. Since the opera to r  H 0 is an Hermit ian opera to r ,  the eigenfunctiuns | ~ (m = 
0, 1, 2, . . .) fo rm a complete  o r thonormal  sys t em 

A - 1 

j' ~(o)~(o)n~: 
"Jm 'all t ~  --= ~lm 

_ A - 1  
(2.9) 

(i!0)C 0 depends on ~, then in (2.9) the function Co(~) appears  under  the in tegral  sign), and the eigenvalue~, 
< :o{ ~ < . . .  a r e  ~ a l  [22]. The equation,., f o r  the f i r s t  approximation can be r ep resen ted  in the fo rm (| 

is a co r r ec t i on  ~ A  fo r  the function O~J) 
A-1 

(H ~ + o)~) ) O~ ) = __ dS o Oad In % 6~)d~l 
ikyEy~176 "-~'~ S og dS o 

_ h - 1  
A-I 

2 .2 f d In % 0(O)d. ~ , . . . . .  @(o) .(1)~(o) ( 2 , 1 0 )  --Ak~Euoa o G ( ~ , ~ l ) ~  ~ '| . -  z~u~yoVo m --t~ . . . .  
o _A-I 

with the boundary conditions 

= ~ A  -~, a l ~ •  : 
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Expanding 

' ~ v " 0 (~ " . - t  . I o ^  E:~ 
I f _ f  

! u l u i "  
a 

~)in a series in 0(~ ) 

Fig.  3 

0~) , ~ .  ,~(o) ./t ml,,J l 
l=0  

n vr176 

b 

(2.11) 

we can  de t e rmine  the quant i t ies  ~ )  and Am~ (m v~ l) : 

r .~ 2 = - -  2kyEvoO~ram + i k v E ~ o ~ m , , ,  

where  

IS ] "A~ 1 A-1 d In %l 
d~ ~ 

- : , . - !  L - A  -j- 

I~,., = S Uo (~) o l  ~ (~) o ~  ) (~) - I (~) a~ ~ .  

_A-I - A - 1  

Continuing with th is  p rocedu re ,  we  can cons t ruc t  all  the t e r m s  of the expansion (2.7). F o r  the r ea l  c o m -  
ponent  of  w we have  

Be,o = ,o~) - 2Ak~EL~mm. (2.12) 

Since G < 0, ~ m  < 0 ( for  l eve l s  lying in the potent ia l  well) and the quest ion of s tabi l i ty  reduces  to the con-  
s t ruc t ion  of the s p e c t r u m  of the o p e r a t o r  H 0. F o r  ky  = 0, Eq. (2.5) b e c o m e s  the follbwing: 

(Ho + o - -  A~k~)O = 0. (2.13) 

Equation (2.13) can be inves t iga ted  without us ing expansions  in the p a r a m e t e r  A, in a m a n n e r  analogous 
with [8]. 

By d i r ec t  different ia t ion,  we can convince o u r s e l v e s  that  the function dS0/d~ with the boundary condi-  
t ions  dS0/d~ = 0 fo r  x = �9 1 is  an eigenfunction of the o p e r a t o r  H 0 with co = 0 (this fact  was f i r s t  used for  in-  
ves t iga t ing  the w of a f l ame  front  in [25]). F o r  one ionization or  recombina t ion  wave dS0/d~ is  the 
eigenfunction O0 ~~ (we do not cons ide r  the boundary l aye r  on the insu la tors ) ,  and t h e r e f o r e  one ionization ( r e -  
combination) wave is s table  with r e s p e c t  to t h r e e - d i m e n s i o n a l  pe r tu rba t ions .  F o r  a soli ton dS0/d~ coincides  
with the eigenfunction Ol~ and for  suff icient ly sma l l  ky the soli ton is unstable (co(~) < 0). 

The method cons ide red  above cannot be used  to inves t iga te  the s tabi l i ty  of a l aye red  wave (or s e v e r a l  
l aye r ed  waves)  and s e v e r a l  sol i tons ,  because  of the s t ruc tu re  of the spec t rum of the ope ra to r  H 0. Let  lc 
be  the width of the l aye r ed  wave (the dis tance be tween ionizat ion and recombina t ion  waves) .  

In  the ca se  lc -* ~ the s pec t rum  of the l aye r ed  wave coincides  with the spec t rum of one ionization o r  
r ecombina t ion  wave (the f u n c t i o n  V(~) has  one potent ia l  well ,  Fig.  4a), the dis tance between the e igenvalues  
~ 1, and these  e igenvalues  a r e  doubly degene ra t e .  F o r  finite va lues  of lc the spec t rum of H 0 fo r  the l a y -  
e r e d  wave i s  obtained f r o m  the foregoing by b reak ing  up each  eigenvalue into two va lues  lying c lose  to each  
o the r  which c o r r e s p o n d  to the s y m m e t r i c  and a n t i s y m m e t r i c  eigenfunctions (the l aye red  wave i s  s i tuated 
s y m m e t r i c a l l y  in the channel ,  Fig.  4b). The d is tance  between these  e igenvalues  i s  t r anscendenta l ly  smal l ,  
a n d  f o r  co o we can  obtain [25] 
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C 

Fig .  4 

b 

== ReL(O)) 

e)(o~ = - V visos) exp ( -  ~ f ~  ~).  

s ince A.,~ ~ (co~) - -  o)~~ -1, i t  fo l lows that  among the eigenvalues o~ there w i l l  a lways be some such A,~ ~. O~ 
(exp (A-~)), f r o m  which i t  follows that  (2.7) is  invalid.  In the case  of two l aye red  waves  the e igenvalues  
co r r e spond ing  to  I c -* ~ a r e  divided into four  l eve l s  lying c lose  to each  o ther  (Fig. 4c). In this  case  the re  
will  a l so  be t r anscenden ta l ly  l a rge  coeff ic ients  A m [ .  

Le t  us  cons ide r  the cons t ruc t ion  of the f i r s t  approx imat ion  fo r  the l aye red  wave.  The appearance  of 
t r anscenden ta l ly  l a rge  quant i t ies  in the expans ion  (2.11) is  due to the degeneracy  of the e igenvalues ,  and the 
mul t ip l ic i ty  of degene racy  fo r  each  e igenvalue is two. Since the o p e r a t o r  H 0 is  l inear ,  e v e r y  l i nea r  combin-  
ation of two eigenfunct ions co r respond ing  to a degenera te  level  is a lso  an eigenfunction of this  level .  Suppose 
that  to the e igenvalue ~(m ~ the re  c o r r e s p o n d  two eigenfuncfions 0 ~  ) and 0(~~ ) , We shal l  t r y  to find the 
eigenfunction e)~) of th~ degenera te  value in the fo rm 

~)~) A a(0> • Aoe(0) 
= 1~'~1.. . ~2- (2.14) 

Substi tut ing (2.14) into (2.10), mul t ip lying the second equat ion f i r s t  by A(0) and then by a(o) and in tegra t ing  ~ m l ~  . ~ r f t 2  J 

with r e s p e c t  to ~ f rom - A  -1 to A -1 , taking account  of (2.9), we obtain a s y s t e m  for  de te rmin ing  the values  
A 1, A 2, and ~ ( ~ :  o f  

A, (?m~.,1 - -  (o~)) + A2?m2.~l = 0, 
Affm,~ + A~ (?m:~- - -  (~ >) = 0, (2.15) 

2 2 
w h e r e  ?~,m~- = - -  2k~Eyoa,um~_ ~. ikyE~o~,nlm2. 

The condition fo r  the so lvabi l i ty  of  the s y s t e m  (2.15) d e t e r m i n e s  the value of w~): 

, 1// 
[ .  (1)1  "~mlml "7" '~m"m~ 1 
tt-~ ] 1 , 2  = 2 - " ~ " ~ - ( ' ~ , ' ~ I m l  - -  "~m.2ra2) 2 -~- ' ~ m l r n 2 * ~ m 2 r a l -  (2,16) 

A~0) and 0 C~ fo r  the low leve l s  a r e  L e t  us  e s t i m a t e  the o r d e r  of the t e r m s  in Eq. (2.16). The functions vml ms 
nonzero  only i n t h e  reg ions  of the potent ia l  wel ls ,  and in the o ther  regions  they are  t r anscenden ta l ly  smal l  

e(00) (o) (o) <o~ (the functions and 0,�9 , c~ 176  to the degenera te  level  {(00 ,col }, a r e  r e p r e s e n t e d  by dashed 
cu rves  in Fig.  3a, b, r e spec t ive ly ) .  The function G(~, 7) depends on } and ~ only in t e r m s  of the c o m -  
binations A~ and AT, and t h e r e f o r e  for  the quantity ~/minj we can obtain the following es t ima tes :  

i 

w h e r e  r = G(~ -- ~1, h --- ~1, k); G2 = G(~ = t~., ~ = ~2, k); ~1, ~ a r e  the coord ina tes  of the ionizat ion and r e -  
combinat ion waves;  s ince the o p e r a t o r  H i i s  s y m m e t r i c  with r e s p e c t  to ~ = 0, it follows that  G l = G 2. 
Making use  of (2.17), we can obtain,  to within a t r anscenden ta l l y  sma l l  quantity, 

(1) (2.18) 
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8v(~) K 

Fig.  5 Fig.  6 

Since a per turba t ion  propor t ional  t o  dS0/d~, is s imply a d isplacement  of the wavefront  [25], the p e r t u r -  
bation | has  the fo rm of cons t r ic t ions  of the cu r r en t  column (Fig. 5a), and @(0~ is  a deformat ion of the 

0 . " . " ^ ( o )  ^ ( o )  1 . . . 

cu r r e n t  column (Fzg. 5b). The t rue  per turba t ions  of the l aye red  wave (@0 , 01 ) a re  l m e a r  combmatzons of 
these  cases .  

F r o m  (2.12), (2.18) i t  follows that  the m o s t  unstable per turbat ions  a re  those with ky = k z = 0. In this  
case  the sys tem (2.3) r educes  to Eq. (2.8). F o r  one l aye red  wave o r  soliton the per turbat ion  corresponding 
to r (~ is unstable ,  and the inc remen t  d e c r e a s e s  as l c inc reases ;  fo r  the l aye red  wave it  is  t ranscendenta l ly  

0 0 smal l .  This  per turba t ion  is a compres s ion  o r  elongation of the cu r r en t  column (/c = /c0 ~ ~ x exp(-c0(~)t), 
<< 1), and can be suppressed  by the ex te rna l  c i rcu i t  if  that  c i rcui t  has a sufficiently high res i s t ance  (in a 

spec i f i ed -cu r ren t  reg ime  this per tu rba t ion  is,  i ngenera l ,  inadmissible) .  F o r  a soliton, since the zone of 
cu r r en t  inhomegeneity is small ,  the ex te rna l  c i rcu i t  cannot substant ial ly affect  the per turbat ion  inc rement  
[8]. Since a soli ton is  the l imit ing case  of a l ayered  wave (as I c -* 0), fo r  a specified res i s t ance  in the ex-  
t e rna l  c i rcu i t  the re  exis ts  a c r i t i ca l  value of l c above which the sys tem becomes  stable.  Instabil i ty of a 
plane soli ton leads to  i ts breakdown into cyl indr ical  soli tons [8]. 

In cases  with two l aye red  waves r ) = 0 the re  a re  t h ree  types of per turbat ions  fo r  which the increment  
of instabi l i ty  is  l e ss  than ze ro  (~o~ ~ < O, r ~ 0, ~0 ~ < 0 ) .  A per turba t ion  with w = w(0 ~ is the simultaneous 

compress ion  o r  expansion of the l aye red  waves and leads to a change in the state of the externa l  c i rcui t ,  and 
t h e r e f o r e  this  per turba t ion  can be suppressed  by the ex te rna l  c i rcui t .  

of a pe r tu rba t ion  with r = w(0), the width of one wave dec rea se s ,  while the width In the development  
of the o the r  i nc r e a se s .  Since this  per turba t ion  is an t i symmet r ic ,  i t  cannot be suppressed  by the externa l  

& 

c i rcui t .  A per turba t ion  with ~ = r176 is  the mot ion  of the waves e i the r  toward each o ther  o r  away f rom 

each o ther .  Even though this per turba t ion  is symmet r i c ,  the external  c i rcu i t  has  l i t t le effect  on i ts  devel-  
opment.  F rom the foregoing it  follows that  the mos t  unstable per turba t ion  will be one with r = r and 
this  means  that  a soluution with two o r  m o r e  l aye red  waves is unstable.  Since the inc rement  of this insta-  
bility is t ranscendenta l ly  small ,  i t  appears  that  in gas -d i scharge  exper iments  we can somet imes  observe  
solutions with two l aye red  waves [14]. 

When the re  is a boundary l aye r ,  we observe  an additional potential  6V(t) (for the case  when the t em-  
pe r a tu r e  on the boundary is  l ess  than S01, this  is shown in Fig.  6). A co r r ec t i on  to w can be found by the 
method of per turbat ion  [19] 

A - 1  

- S [e )l ' 8v It) dt 
_ h - I  

Using the asymptot ic  fo rm of 0 ~~ , as ~-~ :e A -1 , we obtain 

A-: i:_~I 
j" 8v (:) et {_  Vv 

- A - 1  

We have the same o r d e r  and sign fo r  the additional t e r m  due to the dif ference f rom zero  when ~ = +A-1 of 
the quantity ald(dSo/dD/d~ + a2dSo/dt. The quantity added to the f requency  because  of the boundary l a y e r  de-  
pends on the sign of 8V(t). In the case when the t em p e ra tu r e  at the wall is  l ess  than So:, 6V(~) and 6~ ~ 0. 
Since the negat ive value fo r  the l aye red  wave is  of the same o r d e r  of magnitude as 5 ~ ,  the boundary l aye r  
m a y  shift  the negative eigenvalue ~(o ~ into the stabil i ty region.  If ~V(~}< 0, the boundary l ay e r  leads to 
an additional instabil i ty in the inhomogeneous solutions.  
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